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Numerical Computation of Singular Control Functions in
Trajectory Optimization Problems

Hans Joachim Oberle*
University of Hamburg, Hamburg, Federal Republic of Germany

This paper considers the problem of maximizing the final velocity for a two-dimensional climb maneuver of
a vehicle in atmospheric flight. The ascent of the vehicle is charaterized by a fixed initial position and a given
propellant allocation. The aim is to determine the maneuver time, the throttle setting, the angle between thrust
and velocity vector, and the angle of attack, such that a prescribed altitude is reached with zero path inclination
and maximal final velocity. For this problem, the necessary conditions of optimal-control theory are derived. It
turns out that the throttle setting, which enters linearly into the state equations, in general consists of several
bang-bang and singular subarcs. The problem is formulated as a boundary-value problem with switching
conditions, which is solved numerically by multiple-shooting techniques. Solutions are presented for various
values of the final altitude and various amounts of fuel. Special effort is made to give a survey of the structure
of the solutions in dependence of these two parameters.

Introduction

IN many optimal-control applications, problems are formu-
lated for which one or more components of the control

vector are bounded and enter linearly into the problem. The
minimum principle states that in this situation the correspond-
ing optimal-control variable is either of the bang-bang type
(this holds if the switching function has only isolated zeros) or
there exist subarcs along which the switching function van-
ishes identically. These subarcs and the corresponding opti-
mal-control variables are called singular (see Refs, 1-4).

In space navigation many classical problems are of the
aforementioned type. One pioneering problem is the so-called
Goddard problem,5 which is to maximize the final altitude for
the vertical flight of a rocket. Here, the thrust is a control
variable, which is bounded and enters linearly into the state
equations, it turns out that through dependence on the given
propellant allocation and the aerodynamic approximations,
the optimal-thrust history contains a singular subarc, i.e., a
subarc with variable-thrust burn.4'6"9

In this paper a similar trajectory optimization problem is
considered. The problem is to maximize the final velocity for
a two-dimensional climb maneuver of a vehicle in atmospheric
flight. The maneuver is such that vehicle launch is performed
in a nearly vertical position. The aim is to achieve a prescribed
altitude with a given propellant allocation and with horizontal
velocity. This problem has been investigated by Zlatskiy and
Kiforenko,10 Here, the authors showed that the optimal solu-
tion of the problem may contain a singular subarc with respect
to the thrust variable. The current authors used a single-shoot-
ing-type algorithm and a special procedure in order to com-
pose the optimal trajectory in dependence of the values of the
costate variables at the initial time. This method, however,
does not seem to be suitable for a direct computation of the
solution structure due to dependence on the physical boundary
data. In Kumar and Kelley,11 the problem is considered with
respect to the necessary conditions for the singular subarc.
These are examined in more detail using the numerical method
for Ref. 10. In this paper multiple-shooting techniques are
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applied,12'15 for the numerical solution of the problem. To this
end we use the necessary conditions of optimal-control theory
to establish a boundary-value problem with switching condi-
tions for the state and adjoint variables. This boundary-value
problem is solved numerically by the multiple-shooting code
BOUNDSCO. Solutions are presented for various values of
the final altitude and various amounts of fuel. By application
of a homotopy method, we are able to give a survey of the
solution structures dependent on these physical parameters.

The computations were carried out in double precision on
the SIEMENS 7.882 computer at the University of Hamburg
by means of FORTRAN programs.

Problem Statement
The motion of the vehicle is described by the usual fourth-

order point-mass equations of motion for planar flight over a
spherical Earth and by a mass rate equation to account for the
consumption of fuel.

The state variables are:
r = distance of the vehicle to the gravity center of Earth
</> = range angle
v = velocity
7 = flight-path angle
m = mass

The control variables are
d = throttle setting
e = angle between thrust force and velocity vector
a = angle of attack

In Fig. 1 the characteristic quantities in atmospheric flight
are shown. If T denotes the thrust, D the drag, L the lift, and
a the specific fuel consumption, the (scaled) equations of
motion are as follows:

(la)

(Ib)

(Ic)

(Id)

(le)

> = - COS7

v = — (T cose - D) - ^^

7 = — (T sine + L) + ( - - — r )cos7
mv \r vr /

= -oT
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The scaling of the system [Eqs. (1)] is such that the quanti-
ties are dimensionless. If R denotes the radius of Earth, Mthe
mass of Earth, and /z the gravitational constant, the corre-
sponding characteristic units are

[r] = R = 6.36 E + 6 m

[v] =-vRr= 7928ms-'
> K

[m] - mQ - initial mass measured in kg

[T] = [ L ] = ( D ] =

In general, the thrust, drag, lift, and specific fuel consump-
tion depend on the altitude and the velocity:

T=Tmax-8, rmax(r,t;)>0

D= V2S0p(r)v2CD(r,v,ot)

L = V2S0p(r)v2CL(r,v,oL)

CD = CDO(r,v) + Cm(r,v, a)a2

CL = CLl(r,v)a

a = a(r,v)

(2a)

(2b)

(2c)

(2d)

(2e)

(2f)

Here, p(r) denotes the atmospheric density, and S0 the refer-
ence area of the vehicle. The drag and lift coefficients are CD
and CL, respectively.

In mathematical terms the problem is to find the final time
tf and piecewise continuous control functions 6(0, c (0»
a(t), 0 < t < //, such that the functional

/[$,€,«]= -V(tf) (3)

is minimized, subject to the state equations (1), the control
constraint

r ( t f ) = r f

(4)

and the boundary conditions

0(0) - 0

7(0) = To,

m(0) = 1,

Necessary Conditions
We separate the right-hand side of the state equations with

respect to the thrust:

r0: = v snvy, n: = 0 (6a)

rr,Tvl9

m =

L
7o:=_

mQ: = 0,

m r2 '

v 1 . sine fir ^
7 l :=—— (6c)

m\:= — a (6d)

Fig. 1 Characteristic quantities in atmospheric flight.

Let Xr, Xy, X7, and \m denote the adjoint variables correspond-
ing to the state variables r, v, 7, and m.

Then, the Hamiltonian is given by

X7-y0

Hl = \vv

(7a)

(7b)

(7c)

With the notation from Eqs. (6), we obtain the adjoint differ-
ential equations

(8a)

(8b)

X-v = Xyo (8c)

^m — \«0 + T\m\ (od)

where

(9a)

(9b)

(9c)

(9d)

(9e)

(9f)

(9g)

— Dv\v

(5a)

(5b)

(5c)

(5d)

(5e)

.[i
. sine

^•vl — —— o •mv2

\o= ~ v <

r i i A i \
———2^ - —— LV-\- +-2-2)[wi;2 mv \r v2r2/

COS7 _ v 1—^ \v + r- -

——

According to Eqs. (3) and (5), the natural boundary condi-
tions are given by

\v(tf)=-l, = 0 (10)

The differential equations (1) and (8), together with the
boundary conditions [Eqs. (5) and (10)] form the basic
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boundary-value problem for the numerical solution of the
optimal-control problem.

The optimal-control functions are obtained by means of the
minimum principle. With respect to the angle of attack, we
find the relations

= CL1X7- da.
0< -\v

d2CD

da2 (11)

We assume that the angle of attack is uniquely determined by
Eq. (11) as a function a = ot*(r,vt \Vf X7). This holds, for exam-
ple, if Cm > 0 is independent of a.

With respect to the optimal thrust angle e, the minimum
principle yields

sine= - , ^ 2- (12a)

cose= - . "Xv = • (12b)V^T^x2

With these relations the switching function 5: = mvH\ can be
rewritten as

S: = = - VX2, + i;2X? - mva\m (13)

Thus, with respect to the thrust T- Tmaxd, one obtains the
bang-bang control

. fo , if
U, if

5>0
5<0 (14)

Singular Optimal Control
We consider the case of a singular subarc, i.e., we assume

that the switching function S vanishes along a subinterval
[ri,r2] of [O,//]. The underlying philosophy for the treatment
of singular subarcs is to differentiate the switching function up
to a certain order q = 2p, such that the total time derivative
s^ contains the control variable explicitly.2'16 For the problem
considered, one finds that p = 1. Thus, for the computation
of the optimal singular throttle setting 6Smg(0> r\ < t < r2, one
has to determine the first and second total time derivatives of
the switching function S.

If one assumes that S vanishes on the interval [ri,T2], one
finds, for all t in this subinterval,

G: = -
J Q

- —

= - v cosyXrXy + ——- X2, - v2 sin7\rXy

v2 cosy
r v*y

+ D(— x? + v2
\mv ^

m

-L(-K\-v

+ v2moov\2
m

+ v2 shrym^XjU — vor + -j ov j =0 (15)

In Eq. (15), one has to substitute the approximations
a = a(r,v), D = D(r,v,ot), and L=L(r,v,a). Here, ar, vv,
DVf and Lv denote the partial derivatives of these functions.
Finally, one has to substitute a = a*(r,t;,X«,X7), where a*
denotes the unique solution of Eq. (11).

To compute the second total time derivative of 5, it suffices
to compute the partial derivatives of the function

G = G(r,v,y,m,\r,\v,\Jf\m) given by the Eq. (15). Notice
that G and dS/d/ vanish identically on the singular subarc.

By a tedious but straightforward calculation, the partial
derivatives of G can be determined. These expressions again
depend on the approximations a,D9L, and a* and the partial
derivatives of these functions. The derivatives of a, £>, and L
can be determined directly, whereas the derivatives of a* are
obtained by implicit differentiation of the relation (11).

With the assumption that the strengthened Legendre-
Clebsch condition holds with respect to the control a, i.e.,

(16)

the resulting relations can be solved for the partial derivatives
of a*.

In order to evaluate G(1): = dG/d/, one may use the separa-
tion of the state and adjoint equations with respect to the
thrust. One finds that

TB

dG . dG _.
A: = — r0 + . . . + -TT— Amoor o\m

r, oG dG ^

(17a)

(17b)

(17c)

In this form, the quantities A and B can be evaluated numer-
ically. It turns out that B ?±Q holds on the singular subarcs,
i.e., the singular control is of the order p = 1. Thus, the
relation G(1) = 0 can be solved for the singular control:

rsing=rmax.6sing= -A/B (18)

The generalized Legendre-Clebsch condition states that

.d d d t 2 \dd
holds along the singular subarc. With Eqs. (15) and (17) and
the preceding assumptions, this conditions reduces to

(19)

which has to be satisfied along the singular subarcs.

Numerical Solution
Summarizing the necessary conditions, one obtains the sys-

tem of first-order differential equations given in Eqs. (1) and
(8). The free final time // can be considered as an additional
variable of the problem and, by the standard transformation

(20)

the equations are transformed into a system with the indepen-
dent variable £ ranging in the interval 0 < £ < 1. Further, the
additional trivial differential equation

(21)

is added to the system. In correspondence to the resulting
ten-dimensional system of first-order equations (1), (8), and
(21), we have ten boundary conditions given by Eqs. (5) and
(10).

Notice, however, that the resulting boundary-value problem
is a nonclassical one. One has to substitute the control vari-
ables on the right-hand side of the differential equations by
the optimal-control laws [Eqs. (11), (12), (14), or (18)], respec-
tively. The switching structure and the switching points them-
selves are unknown a priori.



156 H. J. OBERLE J. GUIDANCE

For the numerical solution, we estimate the switching struc-
ture, i.e., the number and relative position of bang-bang and
singular subarcs. Thus, the total number s of switching points
7ky k = 1, . . . , s, is kept fixed for the numerical iteration
procedure, whereas the rk themselves become parameters of
the boundary-value problem. These parameters are deter-
mined such that certain switching conditions are satisfied. If rk
is a switching point between bang-bang subarcs, i.e., rk is a
switching point from an 5 = 0 subarc to an d = 1 subarc or vice
versa, then the corresponding switching condition is given by

(22)

Further, if [T^T/C+I] denotes a singular subarc, the corre-
sponding switching conditions are given by

= G I , = T =0 (23)

For the numerical solution of the resulting boundary-value
problem with switching conditions, we use a multiple-shoot-
ing technique.12'13 The special code BOUNDSCO is an exten-
sion of the ordinary multiple-shooting method in the sense
that it was developed for the solution of boundary-value prob-
lems with switching conditions. For the details of the al-
gorithm, the reader is referred to Refs. 13 and 14.

It should be remarked that the algorithm only guarantees
that the switching conditions are satisfied at the solution data
for the switching points. It does not ensure that the switching
function has the correct sign within the bang-bang subarcs.
Therefore, one has to check additional sign conditions after
the solution candidate has been computed by the routine.
These sign conditions are:

(51) Test for the correct sign of the switching function
within the bang-bang subarcs according to Eq. (14).

(52) Legendre-Clebsch condition: \vd2CD/da2<0.
(53) Generalized Legendre-Clebsch condition:

B >0, within the singular subarcs.
(54) 0 < rsing < rmax, within the singular subarcs.

Numerical Results
In the following numerical example, we use the rough ap-

proximations of the aerodynamic and atmospheric data given
in Ref. 10. Here, the characteristic functions rmax, CDO, CL1,
and a are approximated by constants. The data are

S0 p(r) = be-

CDO=0.05,

( 7 = 2

b = 6200,

= 0.7,

= 500

(24)

Notice, however, that the necessary conditions are formulated
for much more general approximations as reflected in Eq. (2).
The normalized initial data are

r0= 1.00016, Q = 0.021, 70 =1.48 (25)

These data correspond to an initial altitude of 1.0208 km, an
initial velocity of 166.5 m/s, and an initial flight-path angle of
84.8 deg.

The numerical solutions are obtained by means of the mul-
tiple-shooting code BOUNDSCO. The problem depends on
the parameters h f : = r ( t f ) -1 (i.e., the final altitude) and mf
(the final mass of the vehicle). We are interested in performing
a parametric study of the optimal solutions and the corre-
sponding optimal switching structures that depend on these
physical parameters. To this end, we apply a classical continu-
ation or homotopy method.12'17-19 The basic idea of continua-
tion methods is to construct a homotopy chain of subprob-
lems. In each homotopy step one of the parameter values is
changed (hf-+hf + A/*/or mr^mf + Am/). The solution for the
new parameter set is computed using the solution of the last
homotopy step as the initial trajectory for the multiple-shoot-
ing method. In this application, the increments (homotopy
step sizes) A/*/ or Am/ are determined heuristically such that
Newton's method takes about 7-10 iterations to compute the
solution within an accuracy of 10 decimals. For such a typical
run, BOUNDSCO takes about 10 s of CPU time on the

0 100 200 300 400 500 600 700 [km]

Fig. 2 Homotopy paths with respect to m/9 h/.
0 5 10 15 [km]

Fig. 4 Optimal switching structure for m/ = 0.85.

0. 5 10 [km]

Fig. 3 Optimal switching structure for m/ = 0.9.

0 ' 5 • 10 15 20 25 [

Fig. 5 Optimal switching structure for m/ - 0.8.
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0 10 20 30 40 50 C k m ]

Fig. 6 Optimal switching structure for m/ = 0.7.

t/tf I .

•5E-3 1E-2

100 [km]

Fig. 7 Optimal switching structure for m/ = 0.6.

50 100 150 200 [km]

Fig. 8 Optimal switching structure for m/ = 0.5.

m a x / A / . / / / / / / / / /

0 1E-2 2E-2 5E-2

0 50 100 200 500 800 [km]

SIEMENS 7.882 computer. More refined methods for an
automatic determination of the homotopy step sizes may be
applied (cf., e.g., Deuflhard20). In general, however, these
methods only work if the switching structure does not change
along the continuation path.

The starting point for the homotopy is the optimal solution
of the problem for the parameter values

m/ = 0.9, /z/=1.5E-3 ( = 9.57 km)

For this data set the solution was given in Ref. 10. It consists
of two bang-bang subarcs with the switching structure
Smax-*0. Starting from this solution, homotopy paths of the
following type are constructed (see Fig. 2):

(a) mf fixed,

(b) mn^mn, = 0 fixed

The maximal value for the final altitude /*/max> which occurs
in the homotopy paths (a), depends on the (fixed) final mass.
This value represents the maximal altitude that is reachable by
the vehicle for a certain prescribed propellant allocation and
the restriction that the final velocity be horizontal. In the
course of the homotopy (a), the value /z/max is indicated by the
condition .v (//)•— 0.

In each homotopy step, the estimated switching structure is
taken from the last solution trajectory. This structure has to
be changed if a solution of the boundary-value problem is
computed, which violates the sign conditions (SI) or (S4). In
general, the new switching structure can be identified easily by
inspection of the switching function. For instance, the appear-
ance of a singular subarc can be detected by the fact that the
derivative S(1) changes sign at a switching point T between
bang-bang subarcs. Thus, at this level of the homotopy
parameters, the situation with respect to the switching func-
tion at T corresponds to the situation on a singular subarc (cf.
the switching conditions [Eqs. (23)].

In Figs. 3-9, the optimal switching structure is plotted vs the
final altitude for increasing values of the propellant alloca-
tion. The main results can be stated as follows:

For a low amount of fuel and low final altitude, the optimal
control is of the bang-bang type. The switching structure may
be: 0-6max, 6max, Smax-*0-6max, or 6max-0. Singular subarcs
occur for higher final altitudes or larger amounts of fuel. In
these cases, up to 50% of the maneuver time is spent on the
singular subarc. The structure may be: dmax—dsinB^dmax,

Another result is concerned with the optimal-control vari-
ables e(0 (thrust angle) and a(t) (angle of attack). With the
assumption of a quadratic polar [cf. Eq. (24)] one obtains

Oi
'2Cm

tane, tane = •

For the computed optimal trajectories (about 1000 boundary-
value problems were solved in the course of the parametric
studies shown in Figs. 3-9), the thrust angle is sufficiently
small, such that the approximation21

(26)

Fig. 9 Optimal switching structure for m/ - 0.3.

is satisfied with an accuracy of 2-3 digits. Thus, as a rule of
thumb, Eq. (26) may be used to simplify the optimal-control
problem. It should be mentioned, however, that this reduction
is only justified in the case of a nearly vertical takeoff.

In Fig. 10, a typical solution trajectory with a singular
subarc (homotopy parameters: mf = 0.3, hf = 2E-2) is shown.
The parameter /z/corresponds to a final altitude of 127.6 km.
The maximal final velocity is given by v(tf) = 0.41886 575,
which corresponds to 3320.8 m/s. The whole maneuver takes
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t/tf

v * 10 S * 100

0.5 ____^ 1

t/t.

t/t.

t/tf

Fig. 10 Solution trajectory for the
parameters m/ = 0.3, hf = IE-1.

\r -f-
0 100 200 300 400 500 600 700 800 [km]

Fig. 11 Maximal final velocity v/ vs the final altitude.

about 234 s. One recognizes that about 135 s of the maneuver
time is spent on the singular subarc.

In Fig. 11, the maximized final velocity tyis plotted vs the
prescribed final altitude for different values Am of the fuel
consumption.

Conclusions
This paper deals with the numerical optimizations of climb

maneuvers in atmospheric flight. The optimal control func-
tions are computed by solving a boundary-value problem with
switching conditions, which is derived from variational cal-
culus. The application of multiple-shooting techiques allows a
fast and precise numerical solution of these problems. Fur-

ther, this method allows the determination of the optimal
switching structure with respect to the linear power setting
control variable. It is found that, for a low amount of fuel,
this is a bang-bang strategy, whereas the optimal-control his-
tory contains a singular subarc in the case of larger amounts of
fuel.
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